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OptimizationAbstract Auxetic materials have previously been shown to enhance various performances due to
its unusual property of becoming fatter when uniaxially stretched and thinner when uniaxially com-
pressed (i.e., the materials exhibit a negative Poisson’s ratio). The current study focuses on assessing
the potential of an auxetic material to enhance the buckling capacity of a rectangular plate under
uniaxial compression. The in-plane translational restraint along the unloaded edges that was often
neglected in open literature is taken into consideration in our buckling model proposed in this
study. The closed-form expressions for the critical buckling coefficient of the rectangle are provided
and the predicted results agree well with those determined by the finite element method. Further-
more, the results indicate that the buckling performance of a rectangular plate under uniaxial com-
pression can be significantly improved by replacing the traditional material that has a positive
Poisson’s ratio with an auxetic material when there is in-plane translation restraint along the
unloaded edges.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The Poisson’s ratio defines the ratio between the transverse
and axial strain in a load material.1 Moreover, it is consideredas an important material parameter that directly affects the
mechanical properties of a structure. Most materials have
Poisson’s ratio values that range between 0 and 0.5; however,
some materials, known as auxetic materials, display a negative
Poisson’s ratio. Auxetic materials behave contrary to what is
expected. For example, when subjected to an axial tensile load,
their transverse dimension increases. Furthermore, the
counter-intuitive properties of auxetic materials lead to struc-
tures that also exhibit enhanced mechanical and other physical
performances. Lakes2,3 was the first to manufacture a novel
foam structure with a negative Poisson’s ratio of 0.7, and
presently, the main focuses of this field are discovering new
auxetic materials and novel applications for them.
Fig. 1 Plate subjected to uniform compression along x and y
directions.
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been determined and manufactured. These materials encom-
pass nearly all of the classes of materials, including polymers,
composites, metals, and ceramics. For a detailed introduction,
review literatures4–7 can be examined. Furthermore, although
natural auxetic materials exist, most auxetic materials are arti-
ficial. In addition, topology optimization can be employed to
tailor special auxetic materials according to practical require-
ments,8,9 and the results obtained by topology optimization
can be directly manufactured by 3D printing technology (also
called additive manufacturing).10,11 Another popular topic in
this field is the exploration of potential applications for autex-
tic materials. The existing research results reveal that auxetic
materials exhibit a higher resistance to indentation, shear resis-
tance,12 fracture resistance,13 acoustic absorption,14 damp-
ing,15 energy absorption,16 a wider band gap with lower
frequency,17 and so on.
Buckling is a common failure mode in the aerospace struc-
ture. How to improve the stability of structure becomes an
attractive problem. Recently, the stability of auxetic materials
has also received significant attention. One such instance was
an investigation by Spadoni et al.18 of the buckling behavior
of a chiral cellular structure with a negative Poisson’s ratio
under flat-wise compression . Additionally, the global buckling
behavior of auxetic cellular tubes based on inverted hexagonal
honeycombs has been discussed.19,20 The results clearly indi-
cate that the use of auxetic structures can significantly improve
(or can result in a significant improvement on) the buckling
behavior as compared to similar non-auxetic arrangements.
Moreover, Lim21–23 discussed the potential applications of
the auxetic plate and shell, and the buckling behavior of rect-
angular and circular thick auxetic plates were investigated.
From this investigation, a highly accurate shear correction fac-
tor in terms of a Poisson’s ratio from 1 to 0.5 was obtained.
However, the effect of the unusual deformation mechanism of
auxetic materials on buckling behavior remains unexplored.
The purpose of this paper is to enhance the buckling perfor-
mance of a rectangular plate by replacing the traditional mate-
rial with a positive Poisson’s ratio with an auxetic material.
The structure of this paper is as follows: first, the mechanism
of the enhanced buckling for the rectangular auxetic plate is
provided in Section 2. Next, the critical buckling coefficient
of the rectangular plate elastically restrained against in-plane
translation under uniaxial compression is determined in Sec-
tion 3. Section 4 introduces the results and discussion, and
finally, Section 5 gives the conclusion.
2. Mechanism of enhanced buckling performance for rectangular
auxetic plate
Fig. 1 shows a simply supported rectangular thin plate of
dimension a b under biaxial compressive loads. The magni-
tude of the compressive load is N0 at the edges x= 0, a. Like-
wise, it is cN0 at the edges y= 0, b. For a rectangular isotropic
plate, the buckling load under biaxial loading can be expressed
as24
N0 ¼ p
2Et3
12b2ð1 m2Þ 
ðm2=b2 þ 1Þ2
m2=b2 þ c ð1Þ
where b ¼ a=b is the plate aspect ratio, E the elastic modulus
of materials, m the Poisson’s ratio, t the thickness of the plate,m the number of half waves along the x direction and y direc-
tion respectively. If the rotational constraint is full at the edges
y= 0, b, the buckling load under biaxial loading can be
obtained through the following expression
N0 ¼ p
2Et3
12b2ð1 m2Þ 
ðm2=b2 þ 5:143b2=m2 þ 2:472Þ
1þ 1:236cb2=m2 ð2Þ
A simply support square thin plate (b ¼ 1) is selected as an
example to demonstrate the mechanics of enhanced buckling
performance for the rectangular auxetic plate. The critical
buckling load subjected to a uniform compressive load N0 on
edges x= 0 and a (i.e. when c ¼ 0) can be calculated using
Eq. (1)
Ncr ¼ 4p
2Et3
12b2ð1 m2Þ ð3Þ
If the same uniform compressive load (c ¼ 1) is also applied
along the y direction, the critical buckling load will decrease by
50%
Ncr ¼ 4p
2Et3
12b2ð1 m2Þ ð4Þ
In contrast, the critical buckling load will increase by 75%
when a half uniform tensile load (c ¼ 0:5) is applied along
the y direction
Ncr ¼ 7:1429p
2Et3
12b2ð1 m2Þ ð5Þ
In other words, the tensile load along the x direction is ben-
eficial for improving the critical buckling load for a square
plate when the compressive load is applied in the y direction.
Due to the Poisson’s ratio effect, the plate becomes fatter
when a material with a positive Poisson’s ratio is used and
thinner when a material with a negative Poisson’s ratio is used.
If the unloaded edges were to be subjected to elastic restraint
against in-plane translation, then the induced equivalent load
along the unloaded direction will be compressive for the mate-
rial with a positive Poisson’s ratio and will be tensile for the
plate with a negative Poisson’s ratio. Combined with the pre-
vious analysis, it can be predicted that an auxetic plate under
uniaxial compression has a higher critical buckling load than
one using a positive Poisson’s ratio material when the
unloaded edges are subjected to the elastic restraint against
in-plane translation.
It is well-known that in practice, the ideal free boundary
conditions for simply-supported or clamped plate never occur,
and therefore translational restraint exists. Furthermore, while
Enhancing buckling capacity of a rectangular plate under uniaxial compression by utilizing an auxetic material 947the elastic stability of a rectangular plate with edges that are
elastically restrained has been studied by many authors,25–28
the influence of Poisson’s ratio on the buckling of elastically-
restrained plates has not received attention yet.29
3. Buckling of rectangular plate elastically restrained against in-
plane translation
A simply supported rectangular thin plate elastically restrained
against in-plane translation along the unloaded edges is sub-
jected to uniaxial, uniform compressive load Nx as shown in
Fig. 2. The purpose of this section is to derive the analytical
solution of the critical buckling load for the uniaxial compres-
sive plate elastically restrained along the unloaded edges.
In order to obtain the critical buckling load, the induced
equivalent load along the unloaded edges caused by the in-
plane translational restraint should be firstly determined. This
is a classic plane stress problem and the strain in the y-
direction can be written as
ey ¼ 1
E
ðry  vrxÞ ð6Þ
Moreover, the static equilibrium and deflection coordina-
tion condition at the elastic support should be satisfied:
kDx ¼ ryt ¼ Ny ð7Þ
Dxþ eyb ¼ 0 ð8Þ
where k is the elastic coefficient of support and Dx the defor-
mation of elastic support. The induced load can be solved by
combining Eqs. (6)–(8)
Ny ¼ amNx ð9Þ
where
a ¼ b=E
t=kþ b=E ð10Þ
a is defined as the in-plane translational restraint coeffi-
cient. And the value range of it can be obtained by Eq. (10).
When the elastic coefficient of support k is close to zero, the
restraint coefficient a also approaches zero. On the other hand,
when k tends towards infinity, a equals 1. Hence the restraint
coefficient a varies from 0 (free expansion condition) to 1 (full
restrained condition).
Based on the derivation above, the simply supported rect-
angular plate elastically restrained against in-plane translation
that is subjected to uniaxial compressive load can be equivalent
to one that is uniform compression along x and uniform ten-Fig. 2 Uniaxial compressive plate elastically restrained along
unloaded edges.sion along y. Therefore, its buckling load can be given by sub-
stituting Eq. (9) into Eq. (1):
N0ðm; nÞ ¼ p
2Et3
12b2ð1 m2Þ 
ðm2b2 þ n2Þ2
m2b2  amn2 ð11Þ
The minimum buckling load occurs at n= 1 and it is given
by
Ncr ¼ N0ðm; 1Þ ¼ K p
2D
b2
ð12Þ
where K is the critical buckling coefficient, given in a general-
ized form as
K ¼ ðm
2=b2 þ 1Þ2
m2=b2 þ am ð13Þ
When the unloaded edges are clamped, the critical buck-
ling coefficient has been obtained by substituting
Eq. (9) into Eq. (2):
K ¼ m
2=b2 þ 5:143b2=m2 þ 2:472
1þ 1:236amb2=m2 ð14Þ4. Results and discussion
The finite element method using the commercial program
NASTRAN 12.0 is constructed to verify the accuracy of the
derived expressions for the buckling coefficient K of 13–14.
In the finite element modeling, the geometry of the chosen
plate is 100 mm  100 mm and the thickness is 1 mm. The shell
element with four nodes is used to discretize it. The element
size is 2 mm  2 mm and the total element number is 2500.
The elastic modulus of material remains constant 70 GPa
when the Poisson’s ratio changes. The Lanczos approach is
selected to solve them. The results are shown in Fig. 3.
The predicted results obtained by Eqs. (13) and (14) agree
well with those obtained by the finite element analysis
(FEA). Of particular importance, it can accurately capture
the inflection point of the critical buckling coefficient K from
one buckling mode to another. These results indicate that
the analytical solutions are accurate and are an effective alter-
native to the computationally expensive FEA and therefore,
the results are useful for later discussion.
The rest of this section focuses on the parametric effect on
the critical buckling coefficient K. From Eqs. (13) and (14), it
can be seen that the critical buckling coefficient K is dependent
on the aspect ratio b, the Poisson’s ratio t, and the in-plane
translational restraint coefficient a for both the simply-
supported boundary and the clamped boundary conditions.
Moreover, it is important to note that K is unrelated to Pois-
son’s ratio when the restraint coefficient a equals zero. This
is completely consistent with the previous analysis in Section 2.
Obviously, the buckling coefficient K also is unrelated to the
restraint coefficient a if the Poisson’s ratio of the material is
zero. As an example, Fig. 4 reveals the variation of the critical
buckling coefficient of the square plate with the Poisson ratios
for different in-plane translational restraint coefficients. The
buckling coefficient K remains unchanged when the restraint
coefficient a equals zero, and when Poisson’s ratio is zero,
the critical buckling coefficient is the same for each of the
various restraint coefficients. As a whole, if the in-plane
Fig. 3 Comparison of predicted critical buckling coefficient for the case: b= 1, a= 1.
Fig. 4 Variation of critical buckling coefficient with Poisson’s ratio for various in-plane translational restraint coefficients and b= 1.
948 Y. Zhang et al.translational restraint exists (a > 0), the critical buckling coef-
ficient K gradually decreases as Poisson’s ratio increases. These
results imply that the critical buckling coefficient K is a
decreasing function of the material’s Poisson’s ratio, and hence
the buckling performance of a rectangular plate under uniaxial
compression can be enhanced by replacing the traditional
material that has a positive Poisson’s ratio with an auxetic
material. The existence of in-plane translational restraint is
the necessary condition of this conclusion.
Figs. 5 and 6 show the variations of the critical buckling
coefficient of the square plate under uniaxial compression withFig. 5 Variation of critical buckling coefficient with in-plane translat
b= 1.in-plane translational restraint coefficients for various Pois-
son’s ratios. For both the simply-supported boundary and
clamped boundary condition, the results demonstrate that
the buckling coefficient K with respect to the restraint coeffi-
cient a is an increasing function when the material’s Poisson’s
ratio is negative, but it is a decreasing function when the mate-
rial’s Poisson’s ratio of is positive. This finding indicates that
an auxetic material is beneficial for the buckling of a rectangu-
lar plate under uniaxial compression, and the traditional mate-
rial with a positive Poisson’s ratio is harmful for the buckling
when the in-plane translational restraint is greater than zero.ional restraint coefficients for various negative Poisson’s ratios and
Fig. 6 Variation of critical buckling coefficient with in-plane translational restraint coefficients for various positive Poisson’s ratios and
b= 1.
Fig. 7 Variation of critical buckling coefficient with aspect ratios for various negative Poisson’s ratios and a= 1.
Fig. 8 Variation of critical buckling coefficient with aspect ratios for various positive Poisson’s ratios and a= 1.
Enhancing buckling capacity of a rectangular plate under uniaxial compression by utilizing an auxetic material 949The ideal situation is an in-plane translational restraint of 1
with a Poisson’s ratio that is as close to 1 as possible. In con-
trast, the worst situation is an in-plane translational restraint
of 1 with a Poisson’s ratio that is the maximum value of 0.5.
Compared to the following case: m ¼ 0 or a ¼ 0, the maximum
improvement for the buckling coefficient of the square plate
under uniaxial compression is more than double for the
simply-supported boundary condition and is nearly 1.5 timesfor the clamped boundary conditions. At the same time, the
maximum reduction is approximately one-third for both of
the two boundary conditions.
The aspect ratio of the rectangular plate influences the
buckling coefficients and the buckling mode shape. Figs. 7
and 8 display the variation of the critical buckling coefficient
with the aspect ratios for various Poisson’s ratios and a ¼ 1.
These figures demonstrate that the critical buckling coefficient
950 Y. Zhang et al.shows a relatively high variability when the aspect ratio is less
than 1.5 and then tends to stability when the aspect ratio is
greater than 1.5. Thus, the corresponding enhanced or weak-
ened magnitude of the critical buckling coefficient K of the
rectangular plate may be different for various aspect ratios
compared to those utilizing a material with a Poisson’s ratio
of zero. However, on the whole, the maximal improvement
for the buckling coefficient of the rectangular plate under uni-
axial compression is nearly double for the simply-support
boundary condition and is nearly 1.5 times for the clamped
boundary conditions. At the same time, the maximum reduc-
tion is approximately one-third for both of the two boundary
conditions. This conclusion also implies that the aspect ratio of
the rectangular plate has little effect on the enhanced buckling
performance from utilizing the auxetic material.
5. Conclusion
The purpose of this paper is to assess the potential of an auxetic
material to enhance the buckling capacity of a rectangular plate
under uniaxial compression. In this study, the in-plane transla-
tional restraint along the unloaded edges that was often
neglected in open literature is taken into consideration in our
buckling model proposed in this study. The closed-form expres-
sion for the critical buckling coefficient of the rectangle is pro-
vided and its validity has been proven by the finite element
method. Some conclusions are drawn as follows:
The buckling performance of a rectangular plate under uni-
axial compression can be enhanced by replacing a traditional
material with a positive Poisson’s ratio with an auxetic material.
Furthermore, the existence of in-plane translational restraint is
the necessary condition of this conclusion. The critical buckling
coefficient of the rectangle with respect to the in-plane transla-
tional restraint coefficient is an increasing function when the
Poisson’s ratio of the material is negative, but it is a decreasing
function when the Poisson’s ratio of the material is positive.
Compared to those utilizing a material with a Poisson’s ratio
of zero, the maximal improvement for the buckling coefficient
of the rectangular plate under uniaxial compression can is
nearly double for the simply-supported boundary condition
and is nearly 1.5 times for the clamped boundary condition.
At the same time, the maximum reduction is approximately
one-third for both of the two boundary conditions. This study
provides a solution for enhancing the buckling performance
of the rectangular plate under uniaxial compression.Acknowledgements
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